Two-function upward–downward minimax theorems  by Cheng, Cao-Zong
J. Math. Anal. Appl. 296 (2004) 183–189
www.elsevier.com/locate/jmaa
Two-function upward–downward minimax theorems
Cao-Zong Cheng
Department of Mathematics, Beijing University of Technology, Beijing 100022, Peoples Republic of China
Received 19 October 2001
Available online 10 June 2004
Submitted by H.P. Benson
Abstract
Two-function upward–downward minimax theorems are derived which contain Simons upward–
downward minimax theorem as well as Domokos minimax theorem as special cases. Here the
convexity assumptions on two functions are given by mixing up their values as means proposed
by Lin and Quan.
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1. Introduction
Suppose that X and Y are two nonempty sets, and f is a real-valued function defined
on X × Y . Simons in [20] introduced the following convexity concept on f :
• f is called to be upward on Y if for any  > 0, there exists δ > 0 such that for any
y1, y2 ∈ Y , there exists y0 ∈ Y such that{
∀x ∈ X, f (x, y0)max
{
f (x, y1), f (x, y2)
}
, and∣∣f (x, y1) − f (x, y2)∣∣  ⇒ f (x, y0)max{f (x, y1), f (x, y2)}− δ;
(1.1)
• f is called to be downward on X if for any  > 0, there exists δ > 0 such that for any
x1, x2 ∈ X, there exists x0 ∈ X such that
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{
∀y ∈ Y, f (x0, y)min
{
f (x1, y), f (x2, y)
}
, and∣∣f (x1, y) − f (x2, y)∣∣  ⇒ f (x0, y)min{f (x1, y), f (x2, y)}+ δ.
(1.2)
In same paper, by using upward–downward conditions Simons gave an excellently quanti-
tative minimax theorem which generalizes some significant results such as those in [9,15,
16,19].
Theorem A. Let X be a compact topological space and Y be a nonempty set. Let f :X ×
Y → R be upper semicontinuous on X. Suppose that f is downward on X and upward
on Y . Then infy∈Y maxx∈X f (x, y) = maxx∈X infy∈Y f (x, y).
Another concept appeared in [6, 8, 13] as following:
• f is called to be w-upward on Y if for any y1, y2 ∈ Y , there exists y0 ∈ Y such that{
∀x ∈ X, f (x, y0)max
{
f (x, y1), f (x, y2)
}
, and
f (x, y1) = f (x, y2) ⇒ f (x, y0) < max
{
f (x, y1), f (x, y2)
}; (1.3)
• f is called to be w-downward on X if for any x1, x2 ∈ X, there exists x0 ∈ X such that{
∀y ∈ Y, f (x0, y)min
{
f (x1, y), f (x2, y)
}
, and
f (x1, y) = f (x2, y) ⇒ f (x0, y) > min
{
f (x1, y), f (x2, y)
}
.
(1.4)
It is easy to see that w-upward/w-downward condition is weaker than convex-like/concave-
like condition [9], t-convex-like/t-concave-like condition [19] and t-convex/t-concave
condition [16]. However, there is no clear relation between w-upward/w-downward condi-
tion and upward/downward condition. Joó and Kassay [12] point out that if X is a finite set
then (1.2) implies (1.4), and if Y is a finite set then (1.1) implies (1.3). Domokos [8] showed
that even if X and Y are compact topological spaces and f is a continuous function, the
conditions (1.1) and (1.2) fail to imply (1.3) or (1.4).
By using conditions (1.3) and (1.4), Domokos [8] gave the following conclusion.
Theorem B. Let X and Y be compact topological spaces, and f :X × Y → R be a
continuous function. Suppose that f is w-downward on X and w-upward on Y . Then
miny∈Y maxx∈X f (x, y) = maxx∈X miny∈Y f (x, y).
The further results were given by Cheng–Lin–Yu [6] and Kindler [13], in which the conti-
nuity of f is relaxed.
In this paper, we shall be interested to derive two-function minimax theorems. Let
f,g :X×Y →R and f  g on X×Y , the two-function minimax theorem implies that the
inequality infy∈Y supx∈X f (x, y) supx∈X infy∈Y g(x, y) holds under certain conditions.
The first two-function minimax theorem was established by Ky Fan [10] in 1964. For other
results, one see [1–5,7,11,12,14,17,18,21]. In [11], Forgó and Joó gave a two-function
minimax theorem involving the averaging functions, and put an open question whether
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the more general upwardness–downwardness conditions.
In Section 2 of this paper, we shall prove a two-function w-upward/w-downward mini-
max theorem which contains Theorem B as special case. In Section 3, we shall prove a
two-function upward–downward minimax theorem which contains Theorem A and Lin–
Quan’s two-function minimax theorem [17] as special cases, and by which we answer in
the affirmative to Forgó and Joó’s question. In our results, the convexity conditions on
functions f and g are given by mixing up the functional values of f and g as means
proposed by Lin–Quan in [17].
We mention, by the way, that Joó and Kassay [12] gave an example showing that even
if X and Y are both compact, f,g :X × Y → R are continuous, f is upward on Y , g is
downward on X and f  g on X × Y , the two-function minimax theorem can fail to be
true.
2. Two-function w-upward/w-downward minimax theorem
Theorem 1. Let X and Y be compact topological spaces. Let f,g :X × Y →R and f  g
on X × Y . Suppose that
(2.1) f and g are upper semicontinuous on X and lower semicontinuous on Y ;
(2.2) for any x1, x2 ∈ X and any finite subset F of Y , there exists x0 ∈ X such that{
f (x0, y)min
{
f (x1, y), g(x2, y)
} for all y ∈ F, and
f (x0, y) > min
{
f (x1, y), g(x2, y)
} for all y ∈ F1,2,
where F1,2 = {y ∈ F : f (x1, y) = g(x2, y)};
(2.3) for any y1, y2 ∈ Y , there exists y0 ∈ Y such that{
g(x, y0)max
{
f (x, y1), g(x, y2)
} for all x ∈ X, and
g(x, y0) < max
{
f (x, y1), g(x, y2)
} for all x ∈ X1,2,
where X1,2 = {x ∈ X: f (x, y1) = g(x, y2)}.
Then miny∈Y maxx∈X f (x, y)maxx∈X miny∈Y g(x, y).
For any y ∈ Y and r ∈R, we denote
Lrf (y) =
{
x: x ∈ X, f (x, y) > r},
Urf (y) =
{
x: x ∈ X, f (x, y) r},
σ = {r: r ∈R, Lrf (y) = ∅ for all y ∈ Y}.
The proof of Theorem 1 is based on the following lemmas.
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continuous on X and lower semicontinuous on Y . Let φ(y) = maxx∈X f (x, y). If r ∈ σ ,
then for any y1 ∈ Y , there exists z1 ∈ Y such that{
Lrf (z1) ⊂ Lrf (y1), and
∀y ∈ Y, Lrf (y) ⊂ Lrf (z1) ⇒ φ(y) φ(z1).
Proof. Let
L(y1) =
{
Lrf (y): L
r
f (y) ⊂ Lrf (y1), y ∈ Y
}
.
Then L(y1) is a nonempty partially ordered set with the inclusion relation of subsets of X.
We can show that any totally ordered subset of L(y1) has a lower bound. In fact, suppose
that L1 = {Lrf (yλ): λ ∈ Λ}, where Λ is an index set, is a totally ordered subset of L(y1),
that is, Lrf (yλ2) ⊂ Lrf (yλ1) when λ1, λ2 ∈ Λ and λ1 < λ2. Since Y is compact, there exists
a subnet {yλn: n ∈ N} of {yλ: λ ∈ Λ} and an element y0 ∈ Y such that yλn → y0. Take
x0 ∈ Lrf (y0), this is, f (x0, y0) > r . If x0 /∈ Lrf (yλm) for some m ∈ N , then x0 /∈ Lrf (yλn)
for all nm, that is, f (x0, yλn) r for all nm. Since f (x0, ·) is lower semicontinuous
on Y , it follows that f (x0, y0)  r . This contradiction shows that Lrf (y0) ⊂ Lrf (yλn) for
all n ∈ N . Thus Lrf (y0) is a lower bound of L(y1).
By using Zorn Selection Axiom, there exists a minimal element Lrf (z) ∈ L(y1), that is,
there exists z ∈ Y such that Lrf (z) ⊂ Lrf (y1) and Lrf (y) = Lrf (z) if Lrf (y) ⊂ Lrf (z) for any
y ∈ Y . Let Y1 = {y ∈ Y : Lrf (y) = Lrf (z)}. It is easy to see that Y1 is a nonempty compact
subset of Y . To see this, let yn ∈ Y1, y0 ∈ Y and yn → y0. For any x ∈ Lrf (y0), it follows
that f (x, y0) > r . Since f (x, ·) is lower semicontinuous on Y , there exists n ∈ N such
that f (x, yn) > r , that is, x ∈ Lrf (yn) = Lrf (z). This shows that Lrf (y0) ⊂ Lrf (z). Thus
Lrf (y0) = Lrf (z) and so y0 ∈ Y1.
Note that φ(y) is lower semicontinuous on Y since f (x, ·) is lower semicontinuous
on Y . Thus there exists z1 ∈ Y1 such that φ(z1) = miny∈Y1 φ(y). It is clear that Lrf (z1) ⊂
Lrf (y1) and for any y ∈ Y , Lrf (y) ⊂ Lrf (z1) implies φ(y)  φ(z1). This completes the
proof. 
Lemma 2. Let X be a compact topological space and Y be a nonempty set. Let f,g :X ×
Y → R be such that f  g on X × Y and f is upper semicontinuous on X. Suppose that
the condition (2.2) of Theorem 1 is satisfied. For y0, z1 ∈ Y , and s, t ∈R with Ltf (y0) = ∅,
(a) if Utf (y0) ∩Usf (z1) = ∅, then Utg(y0) ∩Usf (z1) = ∅;
(b) if Ltf (y0) ∩ Lsf (z1) = ∅, then Ltg(y0) ∩Lsf (z1) = ∅.
Proof. Suppose that Utg(y0) ∩ Usf (z1) = ∅. Choose x2 ∈ Utg(y0) ∩ Usf (z1), and x1 ∈
Utf (y0) with f (x1, z1) = maxx∈Utf (y0) f (x, z1). Let F = {y0, z1}. By condition (2.2),
there exists x0 ∈ X such that f (x0, y)  min{f (x1, y), g(x2, y)} for all y ∈ F , and
f (x0, y) > min{f (x1, y), g(x2, y)} for all y ∈ {y ∈ F : f (x1, y) = g(x2, y)}. It is obvi-
ous that f (x0, y0)min{f (x1, y0), g(x2, y0)} t , that is, x0 ∈ Utf (y0). Since g(x2, z1)
f (x2, z1)  s > f (x1, z1), we have f (x0, z1) > min{f (x1, z1), g(x2, z1)} = f (x1, z1).
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pleted.
Suppose that Ltg(y0) ∩ Lsf (z1) = ∅. Then there exist s1 > s and t1 > t such that
U
t1
g (y0) ∩ Us1f (z1) = ∅ and Lt1f (y0) = ∅. By (a), we have Ut1f (y0) ∩ Us1f (z1) = ∅ which
implies Ltf (y0) ∩ Lsf (z1) = ∅. This contradicts the assumption and so the proof of (b) is
completed.
Lemma 3. Under the conditions of Theorem 1, for any r ∈ σ and y1, y2 ∈ Y , we have
Lrf (y1) ∩ Lrg(y2) = ∅.
Proof. Suppose that there exist r ∈ σ and y1, y2 ∈ Y such that
Lrf (y1) ∩ Lrg(y2) = ∅. (1)
By Lemma 1, there exist z1, z2 ∈ Y such that Lrf (z1) ⊂ Lrf (y1) and for any y ∈ Y ,
Lrf (y) ⊂ Lrf (z1) implies φ(y)  φ(z1), and Lrg(z2) ⊂ Lrg(y2) and for any y ∈ Y ,
Lrg(y) ⊂ Lrg(z2) implies ψ(y)  ψ(z2), where φ(y) = maxx∈X f (x, y) and ψ(y) =
maxx∈X g(x, y). It follows from (1) that
Lrf (z1) ∩ Lrg(z2) = ∅. (2)
By the condition (2.3), for z1 and z2, there exists y0 ∈ Y such that g(x, y0)max{f (x, z1),
g(x, z2)} for all x ∈ X and f (x, z1) = g(x, z2) implies g(x, y0) < max{f (x, z1), g(x, z2)}.
Hence
Lrf (y0) ⊂ Lrg(y0) ⊂ Lrf (z1) ∪Lrg(z2). (3)
Next, we prove
Lrf (y0) ∩ Lrf (z1) = ∅ = Lrf (y0) ∩Lrg(z2). (4)
Suppose that Lrf (y0) ∩ Lrf (z1) = ∅. Then Lrg(y0) ∩ Lrf (z1) = ∅ by Lemma 2(b) and so
Lrg(y0) ⊂ Lrg(z2) by (3). Choose q > r such that Uqg (y0) = ∅ and take x ∈ Uqg (y0). Since
x /∈ Lrf (z1), we have f (x, z1)  r < g(x, z2) which implies g(x, y0) < max{f (x, z1),
g(x, z2)} = g(x, z2)  ψ(z2). It follows that ψ(y0) = maxx∈X g(x, y0) = maxx∈Uqg (y0)
g(x, y0) < ψ(z2). This contradicts with the choice of z2. Thus Lrf (y0)∩Lrf (z1) = ∅. Sim-
ilarly we can show that Lrf (y0) ∩Lrg(z2) = ∅.
By (4), we can choose q > r such that Uqf (y0) ∩ Uqf (z1) = ∅ = Uqf (y0) ∩ Uqg (z2).
Let K1 = Uqf (y0) ∩ Uqf (z1) and K2 = Uqf (y0) ∩ Uqg (z2). Since f and g are upper
semicontinuous on the compact space X, there exist xi ∈ Ki (i = 1,2) such that
f (x1, z2) = maxx∈K1 f (x, z2) and f (x2, z1) = maxx∈K2 f (x, z1). Let F = {y0, z1, z2}.
By (2.2), there exists x0 ∈ X such that f (x0, y)  min{f (x1, y), g(x2, y)} for all y ∈ F
and f (x0, y) > min{f (x1, y), g(x2, y)} for all y ∈ {y ∈ F :f (x1, y) = g(x2, y)}. Thus
f (x0, y0)  min{f (x1, y0), g(x2, y0)}  q , and so x0 ∈ Uqf (y0) ⊂ Uqg (y0) ⊂ Uqf (z1) ∪
U
q
g (z2).
Suppose that x0 ∈ K1. Since x1 ∈ K1 = Uqf (y0) ∩ Uqf (z1), and Uqf (z1) ∩ Uqg (z2) ⊂
Lr (z1)∩Lrg(z2) = ∅ by (2), we have x1 /∈ Uqg (z2), that is, g(x1, z2) < q . Thus g(x2, z2)f
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contradicts the maximality of f (x1, z2) on K1. Suppose that x0 ∈ K2. Then x0 /∈ Uqf (z1)
and so q > f (x0, z1)  min{f (x1, z1), g(x2, z1)}. Since f (x1, z1)  q , it follows that
g(x2, z1) < q . Thus f (x0, z1) > min{f (x1, z1), g(x2, z1)} = g(x2, z1)  f (x2, z1). This
contradicts the maximality of f (x2, z1) on K2. This contradiction shows that (1) fails to be
true and so Lemma 3 is proved. 
Proof of Theorem 1. Since X is compact and g is upper semicontinuous on X, it
is sufficient to prove that
⋂
y∈A Urg (y) = ∅ for any finite subset A ⊂ Y and any r <
miny∈Y maxx∈X f (x, y).
When CardA = 1, Urg(y) ⊃ Urf (y) = ∅. When CardA = 2, let A = {y1, y2}. By
Lemma 3, we have
⋂
y∈A Urg (y) ⊃ Urf (y1) ∩ Urg(y2) = ∅. Suppose that
⋂
y∈A Urg (y) = ∅
for any subset A with CardA n and r < miny∈Y maxx∈X f (x, y), and
⋂
y∈B Usg(y) = ∅
for some subset B with CardB = n + 1 and some s < miny∈Y maxx∈X f (x, y). Let
B = A ∪ {y1} and y1 /∈ A. Hence CardA = n. We denote X1 = Usf (y1). Then X1 is
compact, the functions f |X1×Y and g|X1×Y satisfy the conditions of Theorem 1, and⋂
y∈A{x ∈ X1: g(x, y)  s} ⊂
⋂
y∈B Usg(y) = ∅. By the hypothesis of induction, it fol-
lows that miny∈Y maxx∈X1 f (x, y) s.
Choose t ∈ R with s < t < miny∈Y maxx∈X f (x, y). Then there exists y∗ ∈ Y such
that Utf (y
∗) ∩ Usf (y1) = {x ∈ X1: f (x, y∗) t} = ∅. By Lemma 2(a), we have Utg(y∗) ∩
Usf (y1) = ∅. It follows that Ltg(y∗) ∩ Ltf (y1) ⊂ Utg(y∗) ∩ Usf (y1) = ∅. This contradicts
Lemma 3. Thus this completes the proof of Theorem 1. 
3. Two functions upward–downward minimax theorem
Theorem 2. Let X be a compact topological spaces and Y be a nonempty set. Let f,g :X×
Y →R and f  g on X × Y . Suppose that
(3.1) f and g are upper semicontinuous on X;
(3.2) for any  > 0, there exists δ > 0 such that for any x1, x2 ∈ X and any finite subset F
of Y , there exists x0 ∈ X such that{
f (x0, y)min
{
f (x1, y), g(x2, y)
} for all y ∈ F, and
f (x0, y)min
{
f (x1, y), g(x2, y)
}+ δ for all y ∈ F1,2(),
where F1,2() = {y ∈ F : |f (x1, y)− g(x2, y)| };
(3.3) for any  > 0, there exists δ > 0 such that for any y1, y2 ∈ Y , there exists y0 ∈ Y such
that {
g(x, y0)max
{
f (x, y1), g(x, y2)
} for all x ∈ X, and
g(x, y0)max
{
f (x, y1), g(x, y2)
}− δ for all x ∈ X1,2(),
where X1,2() = {x ∈ X: |f (x, y1) − g(x, y2)| }.
Then infy∈Y maxx∈X f (x, y)maxx∈X infy∈Y g(x, y).
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in [4]:
If X,Y,f,g are as in Theorem 2 satisfying the conditions (3.1), (3.3) and the condition
(2.2), then infy∈Y maxx∈X f (x, y)maxx∈X infy∈Y g(x, y).
In order to verify this, it is sufficient to show that the condition (3.2) implies the
condition (2.2). For any x1, x2 ∈ X and any finite subset F ⊂ Y , let F1,2 = {y ∈ F :
f (x1, y) = g(x2, y)} and  = miny∈F1,2 |f (x1, y) − g(x2, y)|. Then  > 0. It is clear
that F1,2 = F1,2(). By (3.2), there exists δ > 0 such that for x1, x2 ∈ X and F ⊂ Y ,
there exists x0 ∈ X such that f (x0, y)  min{f (x1, y), g(x2, y)} for all y ∈ F , and
f (x0, y)  min{f (x1, y), g(x2, y)} + δ for all y ∈ F1,2() which implies f (x0, y) >
min{f (x1, y), g(x2, y)} for all y ∈ F1,2. This shows that (3.2) implies (2.2). 
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